Introduction
[2] Spectra from auroral radar backscatter have been obtained over a wide range of frequencies for several decades. However, only recently have attempts been made to interpret the observed shape of the experimental spectra, or, equivalently, the shape of the temporal autocorrelation function (ACF), in terms of the statistical properties of the plasma. del Pozo et al. [1993] suggested that homogeneous stationary turbulence should lead to backscatter spectra having a Lorentzian shape, and analyzed 440 MHz spectra on that basis. Hanuise et al. [1993] and Villain et al. [1996] have examined the shapes of ACFs observed at HF, and found that while some are Lorentzian and others are Gaussian in shape, the best fits were often obtained by a combination of the two. Hanuise et al. [1993] interpreted these results in terms of the relative size of the turbulence scale and the observed plasma wavelength (half the radar wavelength). Villain et al. [1996] argued that the mixed shapes correspond to a turbulence scale approximately equal to the plasma wavelength.
[3] This paper was prompted by a recent study at 440 and 933 MHz [Jackel et al., 2002] which also reported auroral backscatter ACF shapes intermediate between Lorentzian and Gaussian. Similar intermediate shapes have also been found to be common at 140 MHz (D. R. Moorcroft and E. Nielsen, work in preparation, 2003) . Here I present a fairly general model which relates the ACF shape to the properties of the scattering medium, and show that such a model can be used to infer from the shape observations information on the behaviour of the scatterers responsible for the backscatter. More precisely, Jackel et al. [2002] dealt with the shape of the ACF magnitude, which describes only the symmetrical part (even moments) of the spectrum, and I will be doing the same thing here.
ACF Modelling and UHF Experiments
[4] Ionospheric radar systems frequently obtain Doppler spectral information in terms of the temporal ACF, the Fourier transform of the power spectral density. The ACF, Acf (t), which is complex, is usually normalized to unity at a time lag, t, of zero, and can be written in terms of a magnitude, r(t), and a phase, f(t):
Jackel [2000] has modelled r(t) using an empirical functional form,
The width of the ACF (or spectrum) is determined by the parameter t e , while the shape of the ACF magnitude is controlled by the parameter n t . Lorentzian and Gaussian shapes correspond to n t = 1 and 2, respectively. Jackel et al.
[2002] used this form to fit a large number of ACFs obtained with the Millstone Hill (440 MHz), EISCAT and COSCAT (933 MHz) radars over a range of magnetic aspect angles. Figure 1 shows the distribution of n t from all these experiments for single-peaked spectra with signal-to-noise ratios greater than one. The distribution is nearly symmetrical and strongly peaked at a value of 1.5. Although there is greater variability at smaller aspect angles, n t is found to be relatively independent of aspect angle.
Backscatter Model
[5] In this section I develop a model of the irregularities in the radar scattering volume which can be used to derive the ACF shape observed with a radar in terms of the parameters of that model.
[6] A backscatter radar typically observes in a volume many thousands of wavelengths on each side, and integrates over times which are much longer than the expected lifetimes of individual scatterers. For these reasons, I will make the reasonable assumption that the backscattered signal contributing to an observed ACF (or spectrum) consists of the superposition of signals from a very large number of individual scatterers, n ) 1. I assume that each scatterer will last for a limited period of time, starting at a random time and location, first growing and later decaying, following a life history that depends on the plasma processes that GEOPHYSICAL RESEARCH LETTERS, VOL. 31, L09802, doi:10.1029 /2003GL019340, 2004 Copyright 2004 by the American Geophysical Union. 0094-8276/04/2003GL019340$05.00
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give it life. In general, each scatterer may have its own Doppler shift, w, and its own variation with time, s 0 (t). Throughout (except for w), the subscript zero indicates quantities relating to a single scatterer.
[7] Consider now the received signal. Because of the assumed random locations of the scatterers, the contribution to the signal from an individual scatterer will have a phase, f, which will be uniformly distributed on the interval (0, 2p). In all contemporary radars the received signal is mixed down to an intermediate (angular) frequency, w IF , before being digitized and processed. Thus, the signal from an individual scatterer, S 0 (t), will have a frequency w IF + w. However, it changes nothing and simplifies the development to drop w IF throughout the following derivation:
The complex autocorrelation function of this singlescatterer signal is
with unnormalized magnitude
The normalized ACF magnitude is r 0 (t) = R 0 (t)/R 0 (0). The signals from all the scatterers in the scattering volume can be combined to give the total signal, S(t):
The complex ACF, Acf (t) = R 1 À1 S*(t)S(t + t) dt, can be obtained by combining equations (3), (4) and (6) to give a double sum of the form
Because the f j and f k are assumed to be random phases, all terms for which j 6 ¼ k will average to zero, leaving
The last line follows from the assumption that the fluctuations in w j and R 0j are independent of each other. What we want is the magnitude of the normalized ACF, which can be obtained from equation (7):
where F w = jhe iwt ij is a term that depends on the Doppler frequency spread and hr 0 (t)i hR 0 (t)i/hR 0 (0)i is the average of the single scatterer ACF magnitudes, weighted by the strength of each scatterer and normalized. The two contributions to the ACF magnitude, F w and hr 0 (t)i, both decrease with increasing t. Except for very particular circumstances, one or other of these two factors will decrease more rapidly, and that factor will determine the shape of the ACF magnitude. We will consider them in turn.
[8] The Doppler spread term, F w = jhe iwt ij, may be more easily understood if we introduce the distribution of Doppler frequency within the scattering volume, p(w). Then we can write
The broader the distribution p(w), the more rapidly he iwt i will decrease with increasing t, so this term will dominate the ACF if the Doppler spread is sufficiently large. To express F w in terms of p(w) one must multiply equation (9) by its complex conjugate and take the square root. Some manipulation and rearrangement of the resulting integrals leads to
One should note that this unfamiliar expression arises because we are dealing with the magnitude of the ACF which represents only the symmetrical parts of the spectrum. If the frequency distribution is an even function, p 1 (w), centered on some Doppler shift w 0 , then equation (10) reduces to
[9] Common sense tells us that the shape of the power spectrum should be the same as the Doppler frequency distribution when F w is dominant. This analysis is consistent with that expectation, as can be seen from equation (9), which gives the form of the ACF itself, not its magnitude. The ACF is the Fourier transform of the power spectrum, and the right hand side of 9 is also a Fourier transform, showing that p(w) is, in fact, the same as the power spectrum, as it should be. When the frequency distribution is symmetric (e.g., Gaussian or Lorentzian) the ACF magnitude is also a Fourier transform (equation (11)) and then it, too, reflects the true shape of the power spectrum.
[10] If the Doppler spread is sufficiently small, the Doppler frequency factor can be neglected, and only the second factor in equation (8) comes into play, which, as already noted, is the average single scatter amplitude, weighted by the scatterer strength and normalized. If the Figure 1 . Distribution of the exponential index, n t (see equation (2)), for all the data from Jackel et al. [2002] .
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Model for Individual Scatterers
[11] If we assume that Doppler spread is not important, then what is required to explain the observations is a function, s 0 (t), whose ACF magnitude varies approximately as exp{À(t/t e ) 1.5 }. It is not possible to find a unique function which has a particular ACF shape, so one must seek candidate functions on physical grounds. One can imagine a growth phase, a quasi-steady phase and a decay phase as describing a fairly general and reasonable life history for an instability. I have explored the behaviour of such a model to determine what characteristics are required to obtain the observed behaviour. The model can be given as
where t g is the time constant for growth, t d is the time constant for decay, and t s is the duration of the quasi-steady interval. For this function the ACF magnitude can be calculated analytically. In terms of the dimensionless parameters p = t s /t d , r = t g /t d , and
for t < t s , and
for t ! t s , where g = 2/[t d (1 + r + 2p)] is the normalization factor.
[12] Of particular interest is how this shape is fit by the exponential model of equation (2), and what values of n t are obtained. This is shown in Figure 2 . Since s 0 (t) and s 0 (Àt) have the same autocorrelation function, it is sufficient to consider r only in the range 0 < r < 1. The possible values of p extend from 0 to 1, so I have used a logarithmic scale for p. The contours show the values of n t obtained by fitting equation (2) to equations (13) and (14). In the lower left corner of the figure t s is essentially zero and there is only an exponential decay (or growth); in the upper left corner there are two exponentials with equal time constants. As one proceeds to the right across the figure, the duration of the constant section, t s , increases until at the right that is virtually all there is, with the two exponentials rising and falling so rapidly as to be essentially vertical straight lines. The model encompasses all values of n t between 1.0 (lower left corner; Lorentzian) and close to 2.0 (where t d % t g % t s /4; Gaussian), but surprisingly large areas of the figure correspond to n t around 1.5 (shaded areas). Everywhere in this figure, the fit of equation (2) is surprisingly good, with the largest errors being less than 3.5% of the maximum, and generally much less.
[13] The other parameter of the model, t e , gives the width of the ACF, and will obviously be close to the total width of s 0 (t). In fact, it is found that the non-dimensional ratio q = t e /(t g + t d + 2 3 t s ) is between 0.9 and 1.1 everywhere in Figure 2 .
Observations of Jackel et al. [2002]
[14] The challenge of the observations of Jackel et al. [2002] is to explain why the values of n t are centered around 1.5. On the basis of the backscatter model (equation (7)), the shape arises either from the ACFs of the individual scatterers (hr 0 (t)i) or from the Doppler spread in the scattering volume (F w ). The model of the last section readily accounts for n t = 1.5 without invoking Doppler spread: a large portion of Figure 2 corresponds to values of n t near 1.5.
[15] In itself that model does not explain the spread about the average found in Figure 1 . However, it is clear from the derivation in section 3 that the many terms neglected will introduce fluctuations in the ACF which will lead to a distribution about the average value given by the model of the last section. In fact, a spread about the average similar to that observed has been obtained from numerical simulations (to be discussed in a future publication) which take into account the statistical fluctuations implicit in the derivation of section 3.
[16] An explanation in terms of Doppler spread remains a possibility, but appears to me less likely. At 933 MHz and 440 MHz the decay constants were found to average around 200 ms and 400 ms, respectively. To account for these values by Doppler spread requires, for both frequencies, variations in the radar line-of-sight Doppler velocity of ±200 m/s. Such a spread seems large to me, and leaves unexplained why the distribution of Doppler spread should be such as to give the observed spectral shape.
Discussion
[17] The model developed in section 3 relates to something more familiar, the question about the origin of spectral Figure 2 . Values of n t obtained by fitting with an exponential power law (equation (2)) the ACF magnitude (equations (13) and (14)) of the scatterer model (equation (12)) shown at the top of the figure. The curves are contours of constant n t .
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width. Does it arise from the lifetimes of the individual scatterers, or is it a result of a velocity distribution within the scattering volume? Equation (8) applies to that question as well as to the question of shape. The development has been made with auroral backscatter in mind, but could actually apply to any type of scattering which satisfies the assumptions of the model.
[18] The model for s 0 (t) introduced in section 4 can be modified in various ways without substantially changing the conclusions. For example, the central section can be tilted or replaced by a third exponential; the main effect is to increase the number of parameters which can be varied, and to extend into new parameter space the region where n t % 1.5.
[19] Although the models presented in this paper are fairly general and adequate for present purposes, they still have important limitations. In particular, I have assumed that the frequencies, w j , are both independent of time and uncorrelated with the scatterer signal strength, s 0 j . Neither of these assumptions is necessarily correct. Preliminary studies show that in some circumstances, relaxing these assumptions can significantly affect the shape of the resulting ACF.
[20] Most experimental auroral backscatter spectra are skewed to some extent, a property which is related to the third moment of the spectrum. When the ACF is divided into magnitude and phase, the odd moments of the spectrum are contained in the ACF phase, and it happens that for the models discussed in this paper the ACF phase has no odd moments other than the first, so these models are unable to account for this commonly observed property. It turns out that with the changes mentioned in the last paragraph, namely, allowing w j to vary with time and be correlated with s j (t), these models would also be able to represent skewness in the spectra.
[21] According to the model proposed here, the experimental observations of n t = 1.5 suggest that the physical processes responsible for the growth and decay of instabilities must have comparable time scales, regardless of the mechanisms at work. Either that, or the growth and decay times are both very short compared to the duration of an instability, which is of the order of t e .
[22] The approach taken in this paper appears to account in a reasonably natural way for the similarity of ACF shapes observed at a wide range of frequencies (wavelengths), from 10 MHz to 933 MHz. The turbulent scale explanation of Villain et al. [1996] has difficulty with these observations, since the turbulent scale can not be simultaneously comparable to all these wavelengths.
